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Abstract execution time on a computer is long compared to the

. subsonic formulations. There are many surface geomet-
There are several approaches to the prediction Qf¢ narameters, such as local normal curvature in various

the noise from sources on high speed surfaces. TWo gfections, in Formulation 3 which can not be physically
these are the Kirchhoff and the Ffowcs williams-Hawk-interpreted. It is difficult to assess the accuracy of noise

ings methods. It can be shown that both of these metheiction because of the complexity of the computing

ods depend on the solution of the wave equation witlqqrithm. We have searched for simpler results for pre-

mathematically similar inhomogeneous source terMSyiction of noise from sources on high speed surfaces.
Two subsonic solutions known as Formulation 1 and 1A

of Langley are simple and efficient for noise prediction. ~ Farassat, Dunn and Brentner have presented a new
The supersonic solution known as Formulation 3 is veryeSult in the last AIAA Aeroacoustics Conference in
complicated and difficult to code. Because of the comJoulouse which is  considerably ~simpler than
plexity of the result, the computation time is longer thanFormulation 3. This result has been designated
the subsonic formulas. Furthermore, it is difficult to Formulation 4. The present paper continues the study of
assess the accuracy of noise prediction. We have be&}S new result. We apply Formulation 4 to two problems
searching for a new and simpler supersonic formulatio§/hose analytic solutions are known by other methods.
without these shortcomings. In the last AIAA Aeroa- These are: i) the noise from dipole distribution on the
coustics Conference in Toulouse, Farassat, Dunn ariit circle whose strength varies radially with the square
Brentner presented a paper in which such a result w& the distance from the center and ii) the noise from
presented and called Formulation 4 of Langley. In thiglipole distribution on the unit sphere whose strength
paper we will present two analytic tests of the Va”dityvaries with the cosine of the angle from the polar axis.
this Formulation: i) the noise from dipole distribution on W& show that we do obtain the known analytic results
the unit circle whose strength varies radially with the@nd thus have validated Formulation 4.

square of the distance from the center and ii) the noise we discuss the question of singularities of the new
from dipole distribution on the unit sphere whoseformulation which surprisingly is simpler to answer
strength varies with the cosine of the angle from thehan those of Formulation 3. We was shown that the sin-
polar axis. We will discuss the question of singularitiesgularities are removable for FW-H equation if we
of Formulation 4. include the surface terms from the quadrupole source,

] and in the Kirchhoff formula for supersonic surfaces.
Introduction

The Gwerning Equation and Its Solution

Two common methods of noise prediction from
moving surfaces are based on the Ffowcs Williams-  Given an open moving surfacd = 0, f>0
Hawkings (FW-H) equatidnand the Kirchhoff formula  wheref = f = 0 denotes the edge of the panel, it can
for moving surfacés It can be shown that both these pe shown that the governing differential equation for

methods are based on the solution of wave equation witfpise prediction by FW-H equation and the Kirchhoff
mathematically similar inhomogeneous source termsmethod i&

The subsonic solutions known as Formulations 1 and 1A

of Langley*® are simple and efficient to use on a com- >, _ ~ ,
puter. The supersonic result known as Formulation 3 is 07" = g H(T) 3(f) + 9% H(f) 84()
very complicated and difficult to code for noise +q 5(}) 3()

predictiorf. Because of the complexity of this result, the 3

1)
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where the functionsq;, 9, andgy are described inand Formulation 4 is valid for both subsonic and super-
reference 7. In this equatior(.) is the Heavisidesonic surface sources. We consider two problems here.
function, 8(.) is the Dirac delta function ad(f) is

a distribution that picks up normal derivative of a testExample 1- Dipole Distribtion on the Unit Circle
function on the surfacé = 0 . The full solution of this

equation (Formulation 4)7s We consider dipole distribution on the unit circle

with the center at the origin of thgxs-plane described
by the following wave equation:

4mp’ (X, t)
1 19, * coto t; [Trg,— K40, d
= = dz 02p' = s-[a(Xq, Xy £)3(X3)]
IF -0 r [ AN Jret 6X3 172 3 (3'3)
F>0 = q(Xyg, Xp, 1)0'(X3)
1[Gzt a,V [1,cotd )
g R o
—o f 2. i
C o 0 ret a4y = «(1+p7)e® (3-b)
42 v2sigl k(9)]
+2 d } 2 2. 2
[rl—Mrfo K, —k(9) o T pT =X +X,, psl (3-c)

Here,r = |x —y| ,(x,t) and(y, t) are the observer The solution of this problem from classical mathematics
and the source space-time variables, respectivelyfand is

is the angle between the radiation directior= r/r

and the local normal td = 0 . The unit vector in the 4Tp' (X, t) =

direction of projection of  on the local tangent plane to ik

the source surface is denoted  and the local normal x3eith’1J'2ne———(1+ pz)(1+ ikr)pdddp )
curvature off = 0 in the direction of, i&; . the oo 3

geodesic unit normal of the edge of the panel is and

A and/, are functions of theinematic and geometric \yhere (p, ¢) is the polar coordinates in theplane,
parameters of the parfel We have defined | = (/¢ andr is the distance between the source and
F=[f(y, Ol and F =[f(y,Olrer - The last the opserver. We will later integrate Eq. (4) numerically

term only exists if the collapsing sphere o compare with the results from Formulation 4.
g= 1—-t—r/c = 0 leaves the panel tangentially at the

point T. The signum function is denotedig(.), Now we use Formulation 4, Eq. (2), for solving
k. = 1/r andk(¢) is the local normal curvature of the EQ. (3)- Refer to Fig. 1 for definition of some symbols.
panel afl as a function of azimuthal angle . The MachBecause of the symmetry of the problem with respect to
number in the radiation direction M, . We mentionthe %-axis, we assume that the observer is in tg-x
here that Formulation 4 is valid at all Mach numbersPlane. We have the following relations:

although we intend to use it for surfaces moving at tran-

sonic and supersonic Mach numbers. P2 = p2 + Xi + X§—20X1C05¢ (5-a)
Note that we have issued a correction to the result

presented in reference 7. The correction appears in the 2 2 2

electronic copy of this reference at NASA Langley r{ = P +X;—2px,COSp (5-b)

Technical Report Server. The electronic address is given

in the references below. COS0 = Xg/T, SING = r,/1, cotd = x3/r, (5-c,d.e)

Validation of Brmulation 4

—pco )
Since the part of the new formulation depending on ty = g(l f S¢, —prsmq>, CH (5-H)
q, andgg are simple and have been validated bgfore 1 1
we only need to validate the part depending on the
source terng, . We will again start with the differential i oot _
equation anol2 assume that the sources are stationary. It t, Mg, = - 2pe (x o —p) (5-9)
will be seen that these assumptions are necessary M1

because we are seeking problems with analytic solutions

2

American Institutes of Aeronautics and Astronautics



Ky =0, Kq = (1/r1y), (5-h,i) Now, for the observer on thg-axis and in the far
9 field, Formulation 4, Eqg. (6) gives:

vit; = (1-x,c089)/ry (5-) 1
Using these results in Eq. (2), we get

— D———+Kgcote%q2 dSs (9

- B T 4mr .2
1) = x:),e'wt 1 2m Pze Ikr(>(1003¢—p)dq)d bin‘e ret
P T ho rrZ P [6%) [5%)
) 2rglt—(ro+1)/c L2rglt—(ry-1)/c
1 ot
+ X3e 2710 chOSIj) - 1 —ikr d
2t Jo r2 € 0 Here, g, is the right side of Eq. (7) add is element
1 p=1 of the surface area of the spheM/e next use the fol-
eiwt 2 —ikxg 2 lowing results in Eq. (9):
+ES@ede CHIL-[E )

8=y Kk =-1p=1, Kg = coty (10-a,b,c,d)
The two expressions in Eq. (4) and Eq. (6) look very dif-

ferent from each other. We have used Mathematica 3 to _ 0 0T
compute p'(x, t)e_”’Ot from these two expressions for ta a0, = - a_qJ_[ cospe ] (11)
11 values ofx; . Inthese calculations, shown in Table 1, T
we usedk = 10 x, = 0 an&k; =5 . Itis seen that = —sinye
the results from the two expressions are the same to a
remarkable degree of accuracy. Kq
. _ _ —* Kgcote =-1 (12)
This example validates Formulation 4 for a flat sin"@

source surface. The next example applies this result to a
curved surface. {pqz

Example 2- Dipole Distrilition on a Sphere 2r0}t—(ro+ 1)/c

13)
We will consider a unit sphef® = 1 with the cen- {p_qﬂ _ isink J(@t=kro)
ter at the origin and a dipole distribution varying with 2roJt—(ro-1)/c o
the cosine of the angl#’  from thgaxis. See Fig. 2
for some notation. We consider the following wave|n Eq. (11), the symbol stands for the source time that
equation: can be related to the anglpg on the surface of the
sphere. When we use the above results in eq. (9), we get
02p = - e osw 5'(R-1) @) exactly the classical results Eq. (8). We have thus vali-
dated Formulation 4 for a curve surface also.
We use(R, W, @) andp, y, ¢) for the observer and Discussion of the Singularities
the source variables, respectively. kgt be the distance
of the observer from the origin. Then, the solution of Eq.  One of the problems associated with supersonic
(7) in the geometric far field when the observer is on theurface sources is the appearance of singularities in the

positive x-axis is: solution of wave equation. Some of these problems are
purely mathematical in nature and their cause is the
i sink i(wt—krp) wrong choice of variables in the solution of the wave
P, = —"e ® - - bil ical si
equation. There is also the possibility of physical singu-

o
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larities where no choice of variables can get rid of. Wea sphere. To get an analytically simple expression from
mention that both the thickness and loading sources arlassical analysis, the observer is located in the far field
an open supersonic surface will have true singularities a&nd on x-axis. We showed that this result could also be
some observer time. This problem was treated by Dobtained by the new formulation.

Bernardi§ and Farassat and Myé&r3he latter authors

The most significant fact about the new formulation

showed that the inclusion of surface sources from th?s that it is much simpler than any previously known

quadrupole source term of FW-H equation in the solu-

result in time domain for prediction of the noise from

tion of this equation results in integrable singularities.high speed surface sources. Furtheremore, because of
We have shown that similar conclusion holds for thE’the observer location, in the case of propfan noise calcu-

new formulation when applied to the solution of FW-H
equation and the governing equation for the Kirchhofg
formula for moving surfacés

The singularities of Formulation 3 for an open
supersonic surface appear when part of its edge travels
at supersonic speed in the plane normal to the edge. One
can then construct the observer positions and the times
that the singularity will be felt at the observer. The situa-
tion for Formulation 4 is somewhat different. First the
singularities from the surface and line integrals are-
much simpler to analyze than those of Formulation3 but
of the same nature. Another cause of the appeance of
singularities is due to the geometry of the source surface
itself and is related to the formation of the caustic in
geometric acoustiés This type of singularity comes 3.
from the last term of Eq. (2). We will discuss the prob-
lem of singularities in a comprehensive paper on the
new formulation later. 4.

Concluding Remarks

5.
The purpose of this paper has been to validate For-

mulation 4 of Langley for prediction of noise from high
speed moving surfaces. We have used two problems for
which analytical solutions are available from classicalg
analysis. We have shown that these solutions can be
obtained also using the new formulation. The first prob-
lem is the radiation field of dipole distribution on a flat
surface. We verified by a numerical study that the radial-
tion field can be obtained by the new formulation. The
second problem is radiation from dipole distribution on

4

ations, none of the problems of singularities are
present. This appears to be a major advance in noise pre-
diction theory.
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Figure 1. Definition of some symbols in Example 1

Source

R Observer

Figure 2. Definition of some symbols in Example 2
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Table 1. Numerical Comparison qf (X, t)e_i

k=10,%x,=0,%x3=5.

wt

From Eqg. (4) and Formulation 4, Eq.

X1 Classical, Eq. (4) Forg;l?g;) n4
0 0.21098 + 0.673096 i 0.21098 + 0.673096 i
0.25 0.23068 + 0.637725 i 0.238067 + 0.637724 i
0.50 0.30169 + 0.531172i 0.301689 + 0.531171 i
0.75 0.355626 + 0.361800 i 0.355625 + 0.3618 i
0.975 0.353059 + 0.184642 i 0.353058 + 0.184641 i
0.995 0.34963 + 0.169323 i 0.349588 + 0.169312 i
0.9995 0.348784 + 0.165908 i 0.348784 + 0.165908 i
0.99995 0.348698 + .165567 i 0.348698 + 0.165567 i
1.00005 0.348679 + 0.165491 i 0.348679 + 0.165491 i
1.25 0.263827 + 0.006876 i 0.263827 + 0.006876 i
5 0.00397175 0.0118504 i 0.00397175 + 0.0118504 i
6
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Outline of the Talk

— A short history of development of time
domain formulations at Langley

— The governing wave equation

— Formulation 4

— Analytic validation by two examples
— The issue of singularities

— Concluding remarks
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A Short History of Development of
Time Domain Formulations at Langley

We have been interested in helicopter rotor and
propeller noise prediction since early 70’s. We

have developed’:
1) Formulations 1 and 1A for subsonic surface

motion with Doppler factor- highly efficient for
noise prediction

1) Formulation 3 for subsonic, transonic and
supersonic surface motion without the Doppler
factor- very complicated, difficult to code and
Inefficient for noise prediction

We need a replacement for Formulation 3!

* Formulation 2 was abandoned because of its limitations

F Farassat and Mark Farris
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The Governing Wave Equation

For sources on an open surface given by
f(x,t) = 0, f(x,t)>0, with edge defined by

f = f =0, the governing equation for both
FW-H and Kirchhoff methods is:

02p' = qq H(F)3(F) + g, H(F)8'(f) +dg3(T)3()
where d,. d, and q, are functions of fluid mechanic and

geometric parameters on the surface.

Mathematically, the most difficult source term is the
one involving q, Formulation 4 is the solution of the

above equation.

F Farassat and Mark Farris
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Formulation 4 - the ath Alaa/CEAS

Aeroacoustics Conference in Toulouse, France 1998

qq + cotetl [quz— K195
ATp' (X, 1) = = [ } dx
IE -0 ' N ret
F>0
g, + g,V L1, coto 4q 2.
S R

E =0 r 0 1 ‘ n‘ 0 - ((I))

F=20
Notation : F = [ f] ret |E — [ f ret’ dZ element of surface area of
F = 0, dL element of length oftheedge F = F = 0 r = r/r
r=X-Yy, tl unit vector along projection of I on the local tangent plane, 0
angle between unit normal and radiation direction, lo¥al geodesic normal of

the edge of panel, k(¢)local normal curvature as a function of azimuthal

angle (1) M n local normal Mach number, /\, /\blnctions of geometric and

kinematic parameters, kr = 1/]’ Kiocal normal curvature along , ’li'l

tangency condition of collapsing sphere and the panel

F. Farassat and Mark Farris 5of 13



Analytic VValidation by Two
Examples

We will test Formulation 4 for the terms
Involving a, only. The other terms are simple

and validated before (JSV,119,1987, 53-79).
The two examples are:

1) Dipole distribution on unit circle whose
strength varies with square of distance from
center for arbitrary observer position, and

1) Dipole distribution on unit sphere whose
strength varies as cosine of the angle from
Xz-axis for observer in the geometric far field

and on the xz-axis

F Farassat and Mark Farris
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Analytic Validation- Example 1

Observer , (x4, 0, X
Dipole distribution on unit X3 : (x1, 0, X3)
circle
rp" = [q(x Xo, 1)3(X3)] 0
9%3 n
= A(Xq, X9, 1)0'(x3) P X1
=-1+p)e®, pP=iE x5, psl k= we

Solution from classical mathematics

1 21 —ikr
amp'(x,y) = xe ™ —(1+p (1 + ikr)pdddp
B

F Farassat and Mark Farris
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Analytic VValidation- Example 1 (Cont’d)

Solution from Formulation 4

| ot 2 —ikr
oy o8 ompTe (o p)
rry
| ot
. X9€ " 2m xlcoscl)—le_ikr "
21 Jo 2
1 p=1
| ot :
e 2, —ikx 2
+ S (1ex)e L= K]

H( ) Heaviside function

F Farassat and Mark Farris
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Analytic Validation- Example 1 (Cont’d)

—| ot

Numerical Comparison af (xFrom
Classical Method and Formulation

k:10,x2:,0 x3:5

Xl Classical Solution Formulation 4

0 0.21098 + 0.673096 i 0.21098 + 0.673096|i

0.25 0.23068 + 0.637725 i 0.238067 + 0.637724 i
0.50 0.30169 + 0.531172 i 0.301689 + 0.531171 i
0.75 0.355626 + 0.361800 i 0.355625 + 0.361800 i
0.975 0.353059 + 0.184642 i 0.353058 + 0.184641 i
0.995 0.34963 + 0.169323 i 0.349588 + 0.169312 i
0.9995 0.348784 + 0.165908 i 0.348784 + 0.165908 i
0.99995 0.348698 + .165567 i 0.348698 + 0.165567 i
1.00005 0.348679 + 0.165491 i 0.348679 + 0.165491 i
1.25 0.263827 + 0.006876 i 0.263827 + 0.006876 i
5 0.00397175 +0.0118504 i 0.00397175 + 0.0118504 i

The agreement of the two solutions is Excellent!

F Farassat and Mark Farris
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Analytic Validation-Example 2

X3
Dipole distribution on Source

- r
unit sphere,¥ angle from
Xg-axis R Observer

/ Xo

X1

’p' = — e'c’otc:og,tlJ 0'(R-1)

Solution from classical mathematics for
observer in the geometric far field and on
Xz-axis, r, observer distance from origin

i sink i(wt—Kkrg)
e

o

p'(x,1) =

F Farassat and Mark Farris
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Analytic Validation- Example 2 (Cont’'d)

Solution from formulation 4 (before far field
approximation and locating the observer on the x3-axis)

, _ 1
p'(x t) = 4_1Tr0,[ [cotBt, L11xq,)] retdS

1 {D
—— +K cotajqz} ds

{qu} {pqz}
2r0 t—(ro+1)/cC 2rO t—(ro—1)/c

When the observer approximation is
made, the two solutions are in agreement!

F Farassat and Mark Farris
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The Issue of Singularities

— The singularities of Formulation 4 are of
lower order than Formulation 3 and easier
to analyze

— A new kind of singularity depending on
the geometry of the surface and related to
the formation of caustic in geometrical
acoustics appear in Formulation 4

— The solution of FW-H Eq. when surface
sources from guadrupole term are added
to thickness and loading terms is
singularity free for supersonic surfaces

F Farassat and Mark Farris
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Concluding Remarks

— We have validated Formulation 4 using two
examples whose analytic solutions are
known from classical mathematics

— Formulation 4 is the simplest result we
know for prediction of noise from sources
on high speed surfaces

— The analysis of singularities of the new
formulation is much simpler than those of
Formulation 3

— Formulation 4 is useful in both the FW-H
and Kirchhoff methods

F Farassat and Mark Farris
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